Chapter 3
Arithmetic for Computers



Outline

e Signed and unsigned numbers (Sec. 3.2)
e Addition and subtraction (Sec. 3.3)

e Multiplication (Sec. 3.4)

e Division (Sec. 3.5)

e Foating point (Sec. 3.6)



Representation of Unsigned Number

d* Base
e Thevalueof ithdigital d

— | startsat 0 and increase from right to left

e Ex: 1011,
(1*2°) + (0*22) + (1*2%) + (1*29)
=8+0+2+1,,
=11,

Uost significant bit Least significant bit

31 0 3




Representing Numbers: Review

« 32-bit binary representation of (unsigned) number:
— by x 2804+ by x 230 + -+ b, x 22+ by x 21 + by x 20
— One billion (1,000,000,000,, ) in binary is
0011,101% 100% 1010 1100f 1010-0000 OO()})2
228 224 220 216 212 28 24 20
= 1x28+ 1x228+ 1x227+ 1x22+ 1x2%4+ 1x223+ 1x220+ 1x21°

+ 1x217+ 1x215+ 1x2¥%+ 1x211+ 1x2°

= 536,370,912 + 268,435,456 + 134,217,728 + 33,554,432 +
16,777,216 + 8,388,608 + 1,048,576 + 524,288 + 131,072 +
32,768 + 16,384 + 2,048 + 512 = 1,000,000,000



What If Too Big?

eBinary bit patterns are smply representations of numbers.

e Numbers really have an infinite number of digits (non-
significant zeroes to the left).
— with almost all being zero except for afew of the rightmost digits.
— Don’t normally show leading zeros.

e |f result of add (or any other arithmetic operation) cannot be
represented by these rightmost hardware bits, overflow is said to
have occurred.

e Up to Compiler and OS what to do.



How to Avoid Overflow?
Allow It Sometimes?

e Some |languages detect overflow (Ada, Fortran), some
don’t (C)

e MIPS solution is 2 kinds of arithmetic instructions to
recognize 2 choices:

—add (add), add immediate (addi ), and subtract (sub)
cause exceptions on overflow

—add unsigned (addu), add immediate unsigned (addi u),
and subtract unsigned (subu) do not cause exceptions on

overflow

e unsigned integers commonly used for address arithmetic where
overflow ignored

e MIPSC compilersalways produce addu, addi u, subu




What If Overflow Detected?

o|f "exception” (or "interrupt™) occurs
— Address of the instruction that overflowed issaved in a
register
— Computer jumps to predefined address to invoke appropriate

routine for that exception
e Like an unplanned hardware function call

e Operating System decides what to do

— In some situations program continues after corrective code
IS executed

oM IPS hardware support: exception program counter
(EPC) contains address of overflowing instruction ---
(morein Chpt. 5)




Unsigned Number of 32 bits long

e 00000000000000000000000000000000,=0
e 00000000000000000000000000000001,=1
e 00000000000000000000000000000010,=2

e 111711717717777711117117171717177711111110,=4,294,96 /7,294
e 111711717777777171711717117171777117177111111,=4,294,96 7,295

X31* 231+ x30* 230+ x29* 229+ +x1* 21+x(0* 20
X means the ith bit of x 8



Signed Number

e O: mean positive
e 1. mean negative




Representing Negative Numbers

Two’s Complement

e\What isresult for unsigned numbers if subtract larger
number from asmaller one?

—~Would try to borrow from string of leading Os,
so result would have a string of leading 1s

—With no obvious better alternative, pick representation that
made the hardware simple:
e l|eading Os= positive,
e leading 1s= negative

000000...xxx >0
111111..xxx <0

e This representation is called two’ s complement
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Two’s Complement (32-bit)

0111 .. 1111 1111 1111 1111

two

=7.147,483,647,.
0111 ... 1111 1111 1111 1110, = 2,147,483,646,,,

0111 ... 1111 1111 1111 1101,,,- 2,147,483,645,,

(000 ... 0000 0000 0000 0010, = 2,
(000 ... 0000 0000 0000 0001, = 1,
(000 ... 0000 0000 0000 0000, = O,

111 ... 1111 11171 1111 1111, =-1,

two —

]
1111 ... 1111 1111 1111 1110, = -2,
]

wWo

111 ... 1111 1111 1111 1101, = -3,

two —

1000 ... 0000 0000 0000 0001, =-2,147,483,647,,,

two ~

1000 ... 0000 0000 0000 0000,,--2,147,483,648,

Indicates sign of the integer




Two’s Complement Formula, Example

e Recognizing role of sign bit, can represent positive and negative

numbers in terms of the bit value times a power of 2:

e Example (given 32-bit two’s comp. number)

@111 1111111111711 1717171 1111 1111 1100,

1% 2% + 1x 29+ 4 1x22+ 0x 21 + 0x 20
:_231@4_ 229+...+@0+0

= -2,147,483,648,, + 2,147,483,644, ,

- - 12
o 410



Ways to Represent Signed Numbers
(1) Sign and magnitude
— Separate sign bit |0001001100101| |l|

(2) Two’s (2’s) Complement (n bit positions)

— n-bit patternd,_; ... d,d,d, means:

Ixd  x2M+xxx +d, x22+d; x 21 +d, x 2

— also, unsigned sum of n-bit number and its negation = 2"

0001 positive one +

+ 1111 negative one (2’s conp)

10000 = 2% (=zero if only 4 bits)

13



Ways to Represent Signed Numbers
(3) One’s (1’s) Complement

— unsigned sum of n-bit number and its negation = 2"- 1

0001 positive one
+1110 negative one (1’s conp)
1111 (24 - 1)

— better than sign and magnitude but has two zeros (+0=0000 and -
0=1111)

— some scientific computers use 1°’s comp.

(4) Biased notation
— add negative bias B to signed number; useful in floating point (for the

exponent).

— number = x- B 14



Bit-Pattern, Unsigned, 2's Comp, 1's Comp, Biased
bsbzblbo
1111 15 -1 O 7
1110 14 -2 -1 6
1101 13 -3 -2 5
1100 12 -4 -3 4
1011 11 -5 -4 3
1010 10 -6 -5 2 Bias=38
1001 9 -7 -6 1 (Subtract 8)
1000 8 d -7 0
0111 7 7 7 -1
0110 6 6 6 -2
0101 5 5 5 -3
0100 4 4 4 -4
0011 3 3 3 -5
0010 2 2 2 -6
0001 1 1 -7
0000 0 0 6 -8
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Set on Less Than

e For signed integers
— gt (set on less than)
— dlti (set on less than immediate)

e For unsigned integers
— dltu (set on less than unsigned)
— dltiu (set on less than immediate unsigned)

16



Signed Vs. Unsighed Comparisons

eNote: memory addresses naturally start at O and
continue to the largest address — they are unsigned.

—That Is, negative addresses make no sense.

o C makes distinction in declaration.
—integer (I Nt ) can be positive or negative.
—unsigned integers (UNsi gned 1 nt) only positive.

o T hus MIPS needs two styles of comparison.

—Set on lessthan (Sl t ) and set on less than immediate
(sl t 1) work with signed integers.

—Set on less than unsigned (S| t U) and set on less than
immediate unsigned (S| t 1 u). (Will work with addresses).

17



Signed Vs. Unsighed Comparisons

= $30 has
1111171111711 1111 1111 17111 171117 1100,
= $s1 has
0011 1011 1001 1010 1000 1010 0000 0000,

e\What are $t0, $t1 after:
sl t $t 0, $s0, $s1 # signed conpare

sl tu $t1, $s0, $s1i # unsigned conpare
o$t0:  -4_ < 1,000,000,000,,7
oSt 1.  4,294,967,292_ < 1,000,000,000,, 7

= Key Point: Instructions decide what binary bit-patterns mean
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Sign Extension

e Copy the sign repeatedly to fill the rest of the
register for a signed load instruction.

e EX:
— b (load byte)
o Sign-extendsto fill the 24 left-most bits of the register

~ |h (load half)
o Sign-extendsto fill the 16 left-most bits of the register

— Ibu (load byte unsigned) and lhu (load half-word
unsigned)

e For unsigned integers

19



Negation Shortcut

for a Two’s Comp

ement Binary Number

e |Invert every 0to 1 and every 1 to 0, and then add

one to the result.

® The sum of anumber x and Its inverted
representation X’ must be 111..111, ,which is-1.

-X+X = -1
e X+ X' +1=0
o X+1=-X

20



Two’s Complement Shortcut: Negation

elnvert every Oto 1 and every 1to O, then add 1 to the result

— Unsigned sum of number and its inverted representation must be
111...111,

-111..111,=-1,,
— Let x” mean the inverted representation of x

—Thenx+ X' =-1=Xx+x+1=0=>x"+1=-x
eExample: -4to+4to-4

ex: 1111117111711 1717171111117111171 1100, -4
X" : 0000 0000 0000 0000 0000 0000 0000 0011,
+1: 0000 0000 0000 0000 0000 0000 0000 0100, 4
(x) © 111111111711 1111 1717217111 1111 1011,
+1: 1111111117711 11711 1111111111711 1100, -4 o



Sign Extension Shortcut
for a Two’s Complement Binary Number

e Convert abinary number represented in n bitsto a
number represented with more than n bits.

— EX: In order to add an immediate field contains atwo’s
complement 16-bit number to a 32-bit register

— For load, store, branch, add, and set on less than

e Takethe most significant bit (i.e., the sign bit)
from the smaller quantity and replicate it to fill the
new bits of the larger quantity.

22



Two’s Complement Shortcut

Using Sign extension

e Convert number represented in k bits to more than k bits

- e.g., 16-bit immediate field converted to 32 bits before adding to 32-bit
register in addi

e Simply replicate the most significant bit (sign bit) of smaller
guantity to fill new bits
— 2's comp. positive number has infinite Os to | eft
— 2's comp. negative number has infinite 1s to |eft

— Finite representation hides most leading bits; sign extension restores those
that fit in the integer variable

— 16-bit -4, to 32-bit:

/@111 1111 1111 1100,

1111 1111 1111 1111|1111 1111 1111 1100,

23



fora

Bounds Check Shortcut
'wo’s Complement Binary Num

e Reducet

ne cost of checking if O<x<y, whic

per

1

matches the index out-of-bounds check for arrays.

e Thekey |

s that negative integersin two’s

complement format look like larger numbersin

unsigned
— EX:
dtu $t0
beq $t0

format.

C$al, 2 //$al: index, $t2: bound
. $zero, IndexOutOfBounds

24



Outline

e Signed and unsigned numbers (Sec. 3.2)

e Addition and subtraction (Sec. 3.3)

e Multiplication (Sec. 3.4, CD: 3.23 In More Depth)
e Division (Sec. 3.5)

e Foating point (Sec. 3.6)
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1-bit Binary Addition
etwo 1-bit values gives four cases.

+ + + +

0 0 1 1
_0 1 _0 _1
0 1 1 (/1) Q\
carry-out 1-bit sum

edigital logic?. half-adder circuit

a— —» sum
b —» RA — carry-out

26



Multi-bit Addition (and Subtraction)

— carry-in—>»
000111=7,, . Tas  HA [
000110=6,, b —» » carry-out
00 1101 = 1310 carry-in—"—> -,
a —p sum
b —» RA — carry-out

(0) (0) (1) (1) (0) © carry-in
0 0 0 1 1 1 : a
+ 0 0 0 1 1 0

(0) 0 (0)0 (0)1 (1)1(1)0 (0)1
\ \ \ (carries)

Qubtract? Simply negate and add! 27



Integer Addition and Subtraction

e Two’s complement addition/subtraction
— dtart at theright
— sum/subtract the bits and carry in
— generate acarry out

carry-out
\ carry-in
1 1
0 \ 1 1 7
- 0 0 1 3

1 0

28



Overflow

e Overflow occurs when the signed bit is incorrect.
— 0 on the left of the bit pattern for a negative number
— 1 on theleft of the bit pattern for a positive number

e No overflow when adding a positive and a negative
number

e No overflow when signs are the same for
subtraction

29



Detecting Overflow In 2’s Complement?

e Adding 2 31-hit positive 2°s complement
numbers can yield aresult that needs 32 bits

—sign bit set with value of result (1) instead of
proper sign of result (0)

—since need just 1 extra bit, only sign bit can be
wrong

@) A B Resul t
A + B >=0 >=0 <0

A + B <0 <0 >=0
A- B >=0 <0 <0

A - B <0 >=0 >=0

° Adding operands with different signs, (subtracting with

same signs) overflow cannot occur
30



Overflow for Unsigned Numbers?

e Adding 2 32-bit unsigned integers could yield a result
that needs 33 bits

— can't detect from "sign" of result

e Unsigned integers are commonly used for address
arithmetic, where overflows are ignored

e Hence, MIPS has unsigned arithmetic instructions,
which ignore overflow:
— addu, addiu, subu

— Recall that in C, al overflows are ignored, so unsigned

Instructions are always used (different for Fortran, Ada)

31



Do It Yourself

e Add 4-bit signed (2’s comp.) numbers :

111 -1,,

e Did overflow occur?
— overflow in 2’s complement only if.
Negative + Negative - "Positive."
Positive + Positive = "Negative."
— overflow = carry-out only if numbers considered to be unsigned.

e S0: addition works same way for both unsigned, signed
numbers.

e But overflow detection is different. -



How to handle overflow?

e An exception (interrupt) occurs
— Control jumps to predefined address for exception
— Interrupted address is saved for possible resumption

e Details based on software system / language

e Don't aways want to detect overflow
— new MIPS instructions; addu, addiu, subu

33



Outline

e Signed and unsigned numbers (Sec. 3.2)

e Addition and subtraction (Sec. 3.3)

e Multiplication (Sec. 3.4 ,CD: 3.23 In More Depth)
e Division (Sec. 3.5)

e Foating point (Sec. 3.6)
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MIPS R2000
Organization

Fig. A.10.1

— Memory

/\

CPU

Registers

$0

$31

Arithmetic
unit

Multiply
divide

—

Lo Hi

Coprocessor 1 (FPU)

Registers

$0

$31

Arithmetic
unit

Registers

Coprocessor 0 (traps and memory)

BadVAddr

Cause

Status

EPC
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MULTIPLY

e Paper and pencil example (unsigned):

1000 Multiplicand U
* 1001 Multiplier M
— 1000
0000
0000

+ 1000
—0I00I000 Product

eBinary multiplication is easy:
- P.==0= placedl O's (0 * multiplicand)
- P. == 1= place a copy of U (1 * multiplicand)
— Shift the multiplicand |eft before adding to product
— Could we multiply viaadd, sl | ?

36



MULTIPLY

e m bits* n bits = m+n bit product

37



Multiply by Power of 2 via Shift Left

e Number representation: B = bg; b4, -+- b,b; by,
B = b3 * 2314+ byy* 230 + xxx + b,* 22 + b * 21 + by* 20

eWhat if multiply B by 27?

= g ¥ 232+ Dgy* 231 + xxx + D,* 23+ by * 22+ by 22

eWhat if shift B left by 1?

B << I — b31* 232 + b30* 231 + XXX + bz* 23 + bl* 22 + bO* 21

eMultiply by 2' often replaced by shift left i

38



Multiply in MIPS

e Can multiply variable by any constant ussing MIPS sl | and
add instructions:

\ i =i * 10; /* assune i: $s0 */
| sl $t0, $s0O, 3 # i * 23
D add $t1, $zero, $tO

sl $t0, $s0O, 1 # i1 * 21
S add $s0, $t1, $tO

oM IPS multiply instructions: nmul t , nmul t u

emult $t0O, $t1l

— puts 64-bit product in pair of new registershi , | o; copy to $n by nf hi ,
nflo

— 32-bit integer result inregister | o

39



Unsigned Multiply

Paper and pencil example (unsigned):
Multiplicand 1000,

Multiplier X 1001,
1000

0000
0000
1000
Product 01001000y,

m bits X n bits = m+n bit product
Binary makes it easy:

— 0=>place0 ( 0 x multiplicand)
— 1=>placeacopy (1x multiplicand)

2 versions of multiply hardware and algorithm

40



Multiplication in MIPS

mult $tl1, $t2 # t1 * t2

e No destination register: product could be ~2%%
need two special registersto hold it

PS 3-Step Process: $t 1 | 01111111111111111111111111111111 |

X $t 2| 01000000000000000000000000000000 |

[ 00011111111111111111111111111111 }11000000000000000000000000000000 |
HI Lo
nfhi $t3 $t 3] 00011111111111111111111111111111 |

nflo $t4 $t 4| 12000000000000000000000000000000 |

41



Unisigned Multiplier (Ver. 1)

e 64-bit multiplicand register (with 32-bit
multiplicand at right half), 64-bit ALU, 64-bit
product register, 32-bit multiplier register

/ ‘ 64-bit multiplicand register |
Multiplicand
Shift left f+— | 32-bit multiplier
l 64 bits .'II register
IIII
N/ // Multiplier |
64-bit ALU /" Shift right|
1 32 hits
Product F\‘—
Write Control test
64 bits

64-bit product register |




Multiply Algorithm
Version 1

Multiplier0=1

la. Add multiplic

sand to the product &

Multiplier,=0

No: < 32 repetitions

place the result-inthe Product register ———
Product Multiplier Multiplicand
0000 0000 0011 00000010 l i
1.1: 0000 0010 0011 00000010 — — - p— -
12 0000 0010 0011 00000100 2. Shift the multiplicand register Teft]1 bit.
1.3: 0000 0010 0001 00000100 ¢
2.1: 0000 0110 0001 00000100 N A _ _ _
292: 0000 0110 0001 00001000 3. Shift the Multiplier registerjright 1 bit.
2.3: 0000 0110 0000 00001000
3.1: 0001 0110 0000 00001000
3.2: 0000 0110 0000 00010000 3
3.3: 0000 0110 0000 00010000 i
4.1: 0000 0110 0000 00010000
4.2: 0000 0110 0000 00100000 *Yes; 32 repetitions
4.3: 0000 0110 0000 00100000
0000 0110 0000 00100000




Observations: Multiply Ver. 1

e 1 clock per cycle => ~100 clocks per multiply
— Ratio of multiply to add 5:1 to 100:1

e Half of the bitsin multiplicand always 0O
=> 64-bit adder is wasted

e O’sinserted in right of multiplicand as shifted
=> |east significant bits of product never changed once
formed

e Instead of shifting multiplicand to left, shift product to
right?

e Product register wastes space => combine Multiplier and
Product register



Unsigned Multiplier (Ver. 2)

e 32-bit Multiplicand register, 32 -bit ALU, 64-bit
Product register (HI & LO in MIPS), (O-bit
Multiplier register)

o Lol i ol

R

Dit ALl -
| —
hift right = Contral
Product :
‘ Wil ‘-I

| B4 bits A
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1.1:
1.2:
2.1:
2.2:
3.1:
3.2:
4.1:
4.2:

Multiply Algorithm

Version 2

Multiplier0=1 Multiplier,=0

1. Add multiplica

and to theleft half of product &

place the r esult-in-theleft half of Product register
Product Multiplicand
0000 0011 0010 l ‘
0010 0011 0010 2. Shift the Product register right 1 bit.
0001 0001 0010
0011 0001 0010
0001 1000 0010
0001 1000 0010
0000 1100 0010
0000 1100 0010 / _ No: < 32 repetitions
0000 0110 0010 -
0000 0110 0010

v Yes: 32repetitions

46



Observations: Multiply Ver. 2

2 steps per bit because multiplier and product registers
combined

MIPS registers Hi and Lo are left and right half of
Product register
=> this gives the MIPS instruction Multu

What about signed multiplication?

1. The easiest solution isto make both positive and remember
whether to complement product when done (leave out sign bit,
run for 31 steps)

2.  Apply definition of 2°s complement

e Sign-extend partial products and subtract at end

3. Booth’s Algorithm is an elegant way to multiply signed
numbers using same hardware as before and save cycles s



Signed Multiply

Paper and pencil example (signed):

Multiplicand

1001 (-7)

Multiplier X 1001 (-7)

11111001

+ 0000000
+ 000000
- 11001

Product 00110001 (49)
Rule 1. Multiplicand sign extended

Rule 2: Sign bit (s) of Multiplier
— 0=> O0x multiplicand
— 1=>-1xmultiplicand

Why rule 2 ?

— X=SX, o Xq.3. X Xp (2’scomplement)

— Vaue(X) =-1xsx2m+x, ,

48



" S
Booth's Algorithm

m Booth's Algorithm is a pretty fast algorithm for
multipling signed binary numbers.

m Q Q.1
0 0 right-shift
0 1 add M to A and right-shift
1 O substract M from A and right shift
1 1 right-shift

49



A<0,Q_;«< 0
M « Multiplicand

A—A-M

Figure 9.12  Booth’s Algorithm for Twos
Complement Multiplication
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Example 1 for Booth’s Algorithm

e /*3=0111~* 0011
M =0111
A =0000

o M A Q Q; Operation#

O 0111 0000 00110

1 0111 1001 0011 O substract
0111 1100 1001 1 right shift

2 0111 1110 0100 1 right shift

3 0111 0101 0100 1 add
0111 0010 1010 O right shift

4 0110 0001 0101 O right shift



— O

Example 2 for Booth’s Algorithm

2*-3=0010* 1101
M = 0010
A = 0000

M A Q Q, Operation#

0010 0000 1101 O

0010 1110 1101 O subtract
0010 1111 0110 1 right shift
0010 0001 0110 1 add

0010 0000 1011 O right shift
0010 1110 1011 O subtract
0010 1111 0101 1 right shift
0010 1111 0101 1 No operation
0010 1111 1010 1 right shift
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Faster Multiplier

RMpliert = Mcand  Mplem - Meand

e A combinational .
multiplier ————

e Carry save adder to S A
construct Wallace tree { ey

multiplier N

ProcuctEl. 32 Product 31 - - Prodec2 Producst1 ProductD

Fig. 3.9
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Outline

e Signed and unsigned numbers (Sec. 3.2)
e Addition and subtraction (Sec. 3.3)

e Multiplication (Sec. 3.4)

e Division (Sec. 3.5)

e Foating point (Sec. 3.6)
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MIPS Multiply/Divide Summary

e Start multiply, divide
—~ MULT rs, rt HI-LO =rsx rt // 64-bit signed
-~ MULTUTrs, rt  HI-LO =rsx st// 64-bit unsigned

—~DIVrs, 1t LO=rs~=rt; Hl =rsmod rt
—~ DIVUTrs, 1t I
e Move result from multiply, divide |
Registers
— MFHI rd rd = HI
- MFLO rd rd=LO
v

e MovetoHI| or LO \/
~ MTHI rd HI =rd

~-MTLOrd LO=rd il T 1O]




1001 oti ent

Divide: Paner & Pencill

Di vi sor 1000 |1001010 Di vi dend
—1000
1010
—=1000 _
10 Renai nder (or Mdul o result)

« See how big a nunber can be subtracted, creating
guotient bit on each step

Binary => 1 * divisor or O * divisor

Di vidend = Quotient x Divisor + Remainder
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Division in MIPS

div $t1, $t2 #t1/ t2

e Quotient stored in Lo, remainder in Hi
nflo $t3 #copy quotient to t3
nfhi $t4 #copy renmi nder to t4

e 3-step process

e Unsigned multiplication and division:
mul tu $t1, $t2 #t1 * t2

divu $tl1, $t2 # 11/ t2

— Just like mult, div, except now interpret t1, t2 as unsigned
Integers instead of signed

— Answers are also unsigned, use mfhi, mflo to access
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Divide Hardware (Version 1)

64-bit Divisor register (initialized with 32-bit divisor in left half),
64-bit ALU,

64-bit Remainder register (initialized with 64-bit dividend),
32-bit Quotient register

. 64-bit Divisor register ‘
32-bit Quotient register | |

- . .
Divisor ﬂf Right '.
'l"64 bits
o Shift Left
Quotient °
64-bit ALU 37 bire
\ Re.mui_nder' Write Control >7
64 bits
N ]

-

‘ 64-bit Remainder register ‘ 58



Divide Algorithm |
(Version 1)

111 + 0010

Quot. Divisor Rem.
1. 0000 00100000 00000111
11100111
00010000 00000111
2. 0000 00010000 00000111
11110111
00000111
3. 0000 00001000 00000111
11111111
00000111
4. 0000 00000100 00000111
00000011
0001 00000011
0001 00000010 00000011
5. 00000001
0011 00000001
0011 00000001 00000001

(Start: Place Dividend in Remainder

)

1. Subtract Divisor register from
Remainder register, and place the
result in Remainder register

\

A

Remainder >0 es Remainder <0
Remainder

2a. Shift Quotient
register to left,
setting new
rightmost bitto 1

2b. Restore original value by
adding Divisor to Remainder,
place sum in Remainder, shift
Quotient to the left, setting new
least significant bitto O

, |

3. Shift Divisor register right 1 bit

No: < 33 repetitions

| Yes: 33 repetitions

Done

Fig. 3.11_,




Observations: Divide Version 1

e Half of the bitsin divisor register aways 0
=> 1/2 of 64-bit adder iswasted
=> 1/2 of divisor is wasted

e Instead of shifting divisor to right,
snift remainder to left?

e 1t step cannot produce al in quotient bit
(otherwise quotient istoo big for the register)
=> switch order to shift first and then subtract
=> save 1 iteration

e Eliminate Quotient register by combining with Remainder
register as shifted | eft
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Divide Hardware (Version 2)

e 32-bit Divisor register,
e 32 -hbit ALU,
e 64-bit Remainder register, (O-bit Quotient register)

B
i
]
'y
'Y
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Divide Algorithm

(Start: Place Dividend in Remainder )

/

(Version 2)

1. Shift Remainder register left 1 bit

111 + 0010

Div.

2. Subtract Divisor register from the
left half of Remainder register, and place the

in the left half of Remainder register

Remainder <0

Remainder

3b. Restore original value by adding
Divisor to left half of Remainder, and
place sum in left half of Remainder.
Also shift Remainder to left, setting

Step Remainder result
0 0000 0111 0010

1.1 0000 1110 Remainder >0
1.2 1110 1110

1. 3b 0001 1100 |

2.2 1111 1100

2.3b 0011 1000| 3a. Shift

3.2 0001 1000 rRemainder to left,
3.3a 0011 0001] setting new
4.2 0001 0001] rightmostbitto 1
4.3a 0010 0011 |

0001 0011

Quotient

|

32n
repetition?

the new least significant bit to O

No: < 32 repetitions

Yes: 32 repetitions

(" Done. Shift left half

of Remainder right 1 bit ) 62




Divide

e Signed Divides.
— Remember signs, make positive, complement quotient
and remainder If necessary

— Let Dividend and Remainder have same sign and
negate Quotient if Divisor sign & Dividend sign
disagree,

- eg.,-7/+2=-3, remander =-1
-/+- 2 =3, remainder =-1
— Satisfy Dividend =Quotient x Divisor + Remainder
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Observations: Multiply and Divide

e Same hardware as multiply: just need ALU to add
or subtract, and 64-bit register to shift left or shift
right

e Hi and Lo registers in MIPS combine to act as 64-
bit register for multiply and divide
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Multiply/Divide Hardware
e 32-bit Multiplicand/Divisor register,
e 32 -bit ALU,

e 64-bit Product/Remainder register, (O-bit
Multiplier/Quotient register)

Multiplicand/
Divisor

32 bits

\32-b}/ALU /
— Shift Right J,

Product/ : (Multiplier/
: : Shift L e
Remainder i Quotient) t(( Control

64 bits Write N\

)
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Is Shift Right Arith. Divide by 27?

e Shifting right by n bits would seem to be the same as dividing by 2"

eProblem is signed integers
— Zerofill (sr | ) iswrong for negative numbers

e Shift Right Arithmetic (ST a); sign extends (replicates sign bit); but
doesit work?

eDivide-5by 4viasr a 2; result should be -1

1111111117111 1111 1711111711 17111 1011
1111111117111 1111 171111717171 1111 1710

e=-2, not -1; Off by 1, so doesn’t work

e|sit always off by 17?
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Outline

e Signed and unsigned numbers (Sec. 3.2)
e Addition and subtraction (Sec. 3.3)

e Multiplication (Sec. 3.4)

e Division (Sec. 3.5)

e Foating point (Sec. 3.6)
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Floating-Point: Motivation

e \What can be represented in n bits?

Unsigned 0 to 2n-1
2’s Complement 271 to 2v-1
1’s Complement 27141 to 21
Bias M -M to 2"-M-1

e But, what about ...
— very large numbers?  9,349,398,989,787,762,244,859,087,6/8
—very small number?  0.0000000000000000000000045691
— rationals 2/3
_irrationals V2
— transcendentals e
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Recall Scientific Notation

: : (sign, magnitude)
N VA exponent
~ 6.02 x 10%°
t N

decimal point radix (base)

eNormal form:
no leading Os (digit 1 to left of decimal point)

e Alternatives to representing 1/1,000,000,000
Normalized: 1.0 x 10°
Not normalized: 0.1 x 108, 10.0 x 10-1°
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Scientific Notation for Binary Numbers

(sigh, magnitude)
9 0aRg5a exponent
~1.0x21
t N

binary point radix (base)

e Computer arithmetic that supportsit called floating point, because it
represents numbers where binary point is not fixed, asit isfor integers

e Declaresuch avariablein Casf | oat (doubl e, | ong doubl e)

e Normalized form: L. XXXXXXXXXX,* 2WW2

Simplifies data exchange, increases accuracy
4,, == 10X 22, 8,==1.0X 28
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Single Precision FP Representation

e Normal format: 1.XXXXXXXXXXy,,, X 2YY¥Ytwo

e \Want to put it into multiple words. 32 bitsfor single-
precision and 64 bits for double-precision

e A simple single-precision representation:

31 30 23 22

|S | Exponent | Fraction

1 bit 8 bits 23 bits

e Meaning: (-1)Sx F x 2E
e Can now represent numbersassmall as
20x1038toaslargeas2.0x 10

e Relationship between M antissa and Significand bits? Between E and
Exponent?

e InCtypefloat
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Floating Point Number Representation

e\What if result too large? (> 2.0x1038 )
Overflow!

— A positive exponent becomes too large to fit in the 8-bit
exponent field

e\What if result too small? (>0, < 2.0x10°3% )

Underflow!

— A negative exponent becomes too large to fit in the exponent
field

e How to reduce chances of overflow or
underflow?
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Double Precision FP Representation

e Next multiple of word size (64 bits)

31 30 20 19 0
|S | Exponent | Fraction |
1 bit 11 bits 20 bits

| Fraction (cont’d) |

32 bits

e Double precision (vs. single precision)
—  Cvariabledeclared asdouble

—  Represent numbersalmost assmall as 2.0 x 103%® to almost aslarge as
2.0 x 10308

—  But primary advantage greater accuracy dueto larger fraction
—  Thereisalsolong double version (16 bytes)
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IEEE 754 Standard - Significand

e Significand:
— To pack more bits, leading 1 implicit for normalized numbers
— 1+ 23 bitssingle, 1 + 52 bits double
— alwaystrue;

(-1)Sx (1 + Significand) x 2Exponent

where 0 < Significand < 1
(for normalized numbers)

— Note

e Theterm significant represents the 24- or 53-bit number that is 1 pus the
fraction

e Theterm fraction represents the 23- or 52-bit number.
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|IEEE 754 Standard

e To pack more bits, make leading 1 of mantissaimplicit for
normalized numbers

1 + 23 bitssingle, 1 + 52 bits double

0 has no leading 1, so reserve exponent value O just for number 0.0
Meaning: (almost correct)

(-1)Sx (1 + Significand) x 2Exponent

where 0 < Significand < 1

o |f label significand bits left-to-right as s, S,, S;, ... then valueis:
(-1)°x (I+(sx27) + (5x27%) + (5x27) + -+ ) x 25P0nett
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IEEE 754 Standard- Exponent

® Exponent:
— Need to represent positive and negative exponents

— Also want to compare FP numbers as if they were
Integers, to help in value comparisons

— If use 2’s complement to represent?
e.g., 1.0 x 2-tversus 1.0 x2*1 (1/2 versus 2)

1/2 1111 11113000 0000 0OOOO OOOO 0O0OO 0O0OO
2 |0] 0000 0001j000 0O0OOO 0O0OOO0 OOOO 0OOOO 0OOQO
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IEEE 754 Standard- Exponent

e |nstead, let notation 0000 0000 be most negative,
and 1111 1111 most positive

e Called hiased notation, where bias I1s the number
subtracted to get the real number

— |EEE 754 uses bias of 127 for single precision: Subtract
127 from Exponent field to get actual value for
exponent

— 1023 is bias for double precision

1/2 0111 1110J000 OOO0O 0000 0OOOO 0OO0CO 0O0OO
2 n 1000 0000|000 0000 0OOOO 0O0OOO 0OOOO o0OOO
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|IEEE 754 Standard

e Summary (single precision):

31 30 23 22
Iél Exponent ‘ Significand I

1 bit 8 bits 23 bits
(-1)% x (1.Significand) x 2(Exponent-127)

e Double precision identical, except with exponent
bias of 1023
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Biased (Excess) Notation

e Biased 7
0000 -7
0001 -6
0010 -5
0011 -4
0100 -3
0101 -2
0110 -1
0111 0
1000 1
1001 2
1010 3
1011 4
1100 5
1101 6
1110 !
1111 8



Example: Converting Decimal to FP

e Show MIPS representation of -0.75
(show exponent in decimal to simplify)

-0.75 = -3/4 = -3/2?
-11,,/22=-11,,%x 2% = -0.11,,,, x 20
Normalized to -1.1,,,, x 21
(-1)S x (1 + Significand) x 2(Exponent-127)
(-1)! x (1 +.100 0000 ... 0000) x 2(126-127)

[1] 0111 1110f 100 0000 0000 0000 0000 0000 |

S=1; Exponent = 126; Significand =100 ... 000,
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Example: Converting FP to Decimal

0] 0110 1000] 101 0101 0100 0011 0100 0010 |

eSign S= 0 = positive

eEXxponent E :
0110 1000,,, = 104,

Bias adjustment: 104 - 127 =-13

o M antissa:
14+2-149-3 425 497 42-9 4 914 1 9-15 4 9-17 4 9-22
=1+ ( 5,587,778/ 223)
=1+ ( 5,587,778/ 8,388,608) = 1.0 + 0.666115

eRepresents: 1.666115,, x 213~ 2.034 x 104
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How To Convert Decimal to Binary

eHow convert 10.4,, to binary?

e Deal with fraction & whole parts separately:

10/ 2=5remal ndeﬁ

5/2 = 2 remainder
2/ 2=1remander
1/2=0remander

AX2F
8X2F
BX2F
2X2F
AX2F

Il
0

1

LTI

\10.4ten = 1010.0110,,,
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Zero and Special Numbers

e \What have we defined so far? (single precision)

Exponent

Significand

0

0
1-254
255
255

0
nonzero
anything
0
nonzero

Object

7?
77?

+/- floating-point

RIR
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Representation for O

® Represent 07?
— exponent all zeroes
— gsignificand all zeroes too
— What about sign?

- +0: O 00000000 0000O0O0O0O0000000000000000
--0: 1 00000000 00O0O0O0O0O0O0O0O0O0O000000000000

e \Why two zeroes?
— Helpsin some limit comparisons
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Special Numbers

e \What have we defined so far? (single precision)

Exponent Significand Object
0 0 0
0 nonzero peds
1-254 anything +/- floating-point
255 0 7
255 nonzero peds
e Range:

1.0x 2126~ 1.8 x 1038

What if result too small? (>0, < 1.8x103® => Underflow!)
(2—-223) x 2121~ 3.4 x 108

What if result too large? (> 3.4x10%® => Overflow!)
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Gradual Underflow

e Represent denormalized numbers (denorms)

Exponent : all zeroes

Significand : non-zeroes

Allow anumber to degrade in significance until it become 0
(gradual underflow)

The smallest normalized number

o 1.0000 0000 0000 0000 0000 0000 x 2-126

The smallest de-normalized number

o 0.0000 0000 0000 0000 0000 0001 x 2-1%6=1,0 x 2149
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Special Numbers

e \What have we defined so far? (single precision)

Exponent
0

0

1-254
255

255

Significand
0

nonzero
anything

0

nonzero

Object

0
denorm
+/- floating-point

777
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Representation for +/- Infinity

e |n FP, divide by zero should produce +/- Infinity,
not overflow
e \Why?

— OK to do further computations with infinity, e.g., X/0
>Y may be avalid comparison

e |EEE 754 represents +/- Infinity
— Most positive exponent reserved for infinity
— Significands all zeroes
|S| 1111 1111{0000 0000 0000 0000 0000 000 |
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Special Numbers (cont’d)

e \What have we defined so far? (single-precision)

Exponent Significand Object

0 0 0

0 nonzero denom
1-254 anything +/- fl. pt. #
255 0 +/- Infinity

255 nonzero 7?

89



Representation for Not a Number

e \What do | get If | calculate sgrt(-4.0) or 0/07?
— If infinity Is not an error, these should not be either
— They are called Not a Number (NaN)
— Exponent = 255, Significand nonzero

e Why isthisuseful ?
— Hope NaNs help with debugging?
— They contaminate: op(NaN,X) = NaN
— OK if calculate but don’t use it
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Special Numbers (cont’d)

e \What have we defined so far? (single-precision)

Exponent
0

0

1-254
255

255

Significand
0

nonzero
anything

0

nonzero

Object

0

denom

+/- fl. pt. #
+/- Infinity
NaN

91



Floating Point Addition

Start
v

1. Comparethe exponentsof the two numbers. Shift the smaller number
to theright until its exponent would match the larger exponent.

l

2. Add the Significands.

»

P

\ 4

3. Normalize the sum, either shifting right and incrementing the exponent,
or shifting left and decrementing the exponent..

Overflow or
underflow?

YEs .
"\ Exception

no

no AfN yes

4. Round the significant to the appropriate number of bits.
W 92



Basic Binary F.P. Addition Algorithm

For addition (or subtraction)of X toY (X <Y):

Compute D = Exp, - Expy (align binary points)
Right shift (1+Sigy) D bits = (1+Sigy)*2P

3. Compute (1+Sig,)*2P + (1+Sig,) ; Normalize if necessary;
continue until MS bitis 1

4. Too small (e.g., 0.001xx...) left shift result, decrement result
exponent; check for underflow

4'. Too big (e.g., 10.1xx...)
right shift result, increment result exponent; check for overflow

5. If result significand is 0, set exponentto O
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Sign

Exponent

Significand

Sign | Exponent

Significand

—_—

N
Small ALY

k

Exponent
difference

IRRNS

- =
—— —

—1

r

—={ 0 1

Increment or

| dacramant | T

Shift left or right

I_l

=  Roundng hardware

!

r

Sign | Exponent

Significand

Comparns
expanants

Shift amaller
number right

Mormalize

Round
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Floating-Point Addition

e 9.999x 10+ 1.610 x 10+

— Assume we can store only four decimal digits of the significand,
and two decimal digits of the exponent
e Basic addition algorithm:
— (1) align the decimal point
1.610 x 101= 0.01610 x 10%
— (2) add two significands
9.999 + 0.01610 = 10.015

— (3) normalize the sum
10.015 x 10! = 1.0015 x 102

— (4) round the significand
1.002 x 102
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Example: Decimal F.P. Addition

e Assume 4 digit significand, 2 digit exponent
el et’sadd 9.999,,, x 10 + 1.610,,, x 101

e Exponents must match, so adjust smaller number to
match larger exponent

1.610 x 101 =0.1610 x 10° =0.01610 x 10*

eCan represent only 4 digits, so must discard last two:

0.016 x 10!
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Example: Decimal F.P. Addition

eNow, add significands:

0.999
+ 0.016
10.015

e Thus, sumis10.015 x 10t

eSum Is not normalized, so correct it, checking for
underflow/overflow:

10.015 x 10t => 1.0015 x 107

e Cannot store all digits, must round. Final result is:
1.002 x 1072 g‘
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Example

® 0.5,,+(-0.4375,,)
~ 0.5,,= Y,y = 0.12= 0.1,*20 = 1.000, * 21
~ -0.4375,,= -7/16,, = -7/24,,= -0.0111,* 20 = -1.110, * 22
® Step 1: -1.110, *22=-0.111, * 21
® Step 2: 1.000, *21 + (-0.111, *2-1)=0.001 * 21
® Step 3: 0.001,*2-1=1.000,* 24
® Step 4: 1.000,* 2=0.0001,=1/24,,=1/16,,=0.0625,
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F.P. Subtraction

eSimilar to addition

eHow do wedo it?
De-normalize to match exponents
Subtract significands
K eep the same exponent
Normalize (possibly changing exponent)
e Problems in implementing FP add/sub:
Managing the signs,
determining to add or sub,
swapping the operands.

e Question: How do we integrate this into the integer arithmetic unit?

e Answer: We don’t! -



Floating-Point Multiplication

Basic multiplication algorithm
(1) add exponents of operands to get exponent of product
doubly biased exponent must be corrected:

Xe=7

Ve Xe=1111 =15 = 7+8
©=- Ye=0101 =5 =-3+8
Excess 8 10100 20 4+8+8

need extra subtraction step of the bias amount
(2) multiplication of operand mantissa
(3) normalize the product

(3.1) check overflow or underflow during the shift
(3.2) round the mantissa
continue until MSB of datais 1

(4) set the sign of product
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Example: Decimal F. P. Multiply (1/2)

el et’s multiply:
1.110,,, x 10%° x 9.200,,, x 105
(Assume 4-digit significand, 2-digit exponent)
e First, add exponents:

10
+-5
5

e Next, multiply significands:
1.110 x 9.200 = 10.212000
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Example: Decimal F. P. Multiply (2/2)

e Product is not normalized, so correct it, checking for underflow /
overflow:

10.212000 x 10° = 1.0212 x 10°

e Significand exceeds 4 digits, so round:

1.021 x 10°

e Check signs of original operands
same = positive
different = negative

Final resultis;| +1.021 x 106
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Basic Binary F.P. Multiplication Algorithm

For multiplication of P=X x Y :
1. Compute Exponent: Exp, = ( Expy + Expy ) - Bias

2. Compute Product: (1 + Sigy) x (1+ Sigy)
Normalize if necessary; continue until most significant bit is 1

4. Too small (e.g., 0.001xx...) >
left shift result, decrement result exponent

4'. Too big (e.g., 10.1xx...) >
right shift result, increment result exponent

5. If (result significand is 0) then set exponent to O

6. If (Sgny == Sgn, ) then
Sgnp = positive (0)

else
Sgny = negative (1)
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F.P. Multiplication Algorithm

o Add exponents

o Maltply th significands
+ Normaliz

* Over-undertlow

+ Rounding

* Sian

Start
v

1. Add the biased exponents of the two numbers, subtracting the bias
from the sum to get the new biased exponent.

'

2. Multiply the Significands.

»
>
\4

3. Normalizethe product if necessary, shifting it right and incrementing
the exponent.

y

Overflow or
underflow?

yes

v

il no

4. Round the significant to the appropriate number of bits.

¥

no Still Normalized?

v e

5. Set thesign of the product to positive if the signs of the original operands
arethesame. If they differ, makethe sign negative.




F.P. Multiplication

Sign| Exponent] Significand

|Slgn| Expnnantl Significand |

ALU

/Exp + Exp - bias

Overflow/
Underflow

Control

Sign logic

Shift right

Rounding
logic

Signl Exponent Slgnlﬂcand

Sig + Sig

Norm.
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Example

e 0.5,,(-0.4375,,)
~ 0.5,,=Y,,=0.12=0.1,%2° = 1.000, * 21
— -0.4375,,=-7/16,,=-7/24,,= -0.0111,* 20 = -1.110, * 22
e Step 1. -1+(-2)=-3
e Step 2: 1.000, * 1.110,=1.110000
the product isequal to 1.110,*2-3
e Step 3: normalization
e Step 4: rounding the product
e Step 5: set the sign bit
-1.110,* 2-3=-0.001110,=-7/25,,=-0.21875,,
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F.P. Division

® Subtraction of exponents

e Division of the significands
e Normalization

e Rounding

® Sign

e Remarks
e Divide by zero: check first!
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MIPS Floating Point Architecture (1/4)

e Separate floating point instructions:
~-3Single Precision:
add.s, sub.s, nul.s, div.s
—Double Precision:
add.d, sub.d, nul.d, div.d

e T hese instructions are far more
complicated than their integer counterparts,
so they can take much longer to execute.
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FP Part of the Processor

e contains 32 32-hit registers. $f0, $f1, ...

® Most registers specified in .sand .d instruction
refer to this set

® separate load and store: lwcl and swcl

e Double Precision: by convention, even/odd pair
contain one DP FP number

— $FO/PF1, $F2/$f3

® |nstructions to move data between main processor
and COprocessors.

— mfcO, mtcO, mfcl, mtcl, etc.
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MIPS Floating Point Architecture (1/3)

e Problems:;

|t’s inefficient to have different instructions take
vastly differing amounts of time.

Generally, a particular piece of datawill not change
from FP to Int, or vice versa, within a program.
So only one type of instruction will be used on it.

Some programs do no floating point calculations

It takes |lots of hardware relative to integersto do
Floating Point fast
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MIPS Floating Point Architecture (2/3)

e 1990 Solution: Make a completely separate
chip that handles only FP.

> Coprocessor 1: FP chip
1. contains 32 32-bit registers: $f 0, $f 1, ...

2. most of theregisters specifiedin. s and. d
Instruction refer to this set

3. separate load and store: | wel and swecl
(“load word coprocessor 17, “store...”)

4. Double Precision: by convention, even/odd pair
contain one DP FP number: $f 0/$f 1, $f 2/$f 3,

..., $f 30/%f 31
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MIPS Floating Point Architecture (3/3)

e 1990 Computer actually contains multiple separate chips:
Processor: handles all the normal stuff
Coprocessor 1: handles FP and only FP;

more coprocessors?... Yes, later
Today, FP coprocessor integrated with CPU, or cheap chips may |eave out FP HW

® Instructions to move data between main processor and Coprocessors:

nfcl rt, rd Move floating point register rd to
CPU register rt.
nmcl rd, rt Move CPU register rt to fl oating

point register rd

nfcl.d rdest, frsrcl Move fl oating point registers
frsrcl & frsrcl + 1 to CPU

regi sters rdest & rdest + 1.

e Appendix pages A-70 to A-74 contain many, many more FP operations.
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MIPS R2000
Organization

Fig. A.10.1

— Memory

/\

CPU

Registers

$0

$31

Arithmetic
unit

Multiply
divide

—

Lo Hi

Coprocessor 1 (FPU)

Registers

$0

$31

Arithmetic
unit

Registers

Coprocessor 0 (traps and memory)

BadVAddr

Cause

Status

EPC
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MIPS Floating Point

e Separate floating point instructions:
— Single precision: add. s, sub. s, mul . s, div.s
— Double precision: add. d, sub. d, mul . d, div.d

e P part of the processor:
— contains 32 32-hit registers: $f 0, $f 1, ...
— most registers specified in .sand .d instruction refer to this set
— separate load and store: | wel and swcl

— Double Precision: by convention, even/odd pair contain one DP
FP number: $f 0/ $f 1, $f 2/ $f 3

— Instructions to move data between main processor and
COpProCessors.
e NfcO,ntcO,nfcl,ntcl,etc.

— See CD A-73t0 A-80 114



Example with F.P.: Matrix Multiply

void mm (double x[][], double y[][], double

Z[ 111 )
int 1, J, Kk;

for (i=0; i!=32; i=i+1)
for (j=0; j!=32; j=j+1)
for (k=0; k!=32; k=k+1)

oxpel il = xpel iyl o+ ylbr 0kl
z[K][)];

}

e Starting addresses are parametersin $a0, $al, and $a2. Integer
variables arein $t3, $t4, $t5. Arrays 32 by 32

e Use pseudoinstructions: | 1 (load immediate), | . d /s. d (load/
store 64 bits)
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MIPS code 1st piece: initialize x[ ][]

elnitialize Loop Variables

nm ...
| i $t1, 32 # $t1 = 32
| | $t3, O # 1 = 0; 1st | oop
L1: i $t4, O # ] = 0; reset 2nd
L2: |1 $t5, O # k = 0; reset 3rd

e To fetch x[i][j], skip I rows (i*32), add |
sl | $t2,$t3,5 # $t2 =1 * 2°
addu $t2,5t2, 4 # Pt2 = 1*¥2° +

o Get byte address (8 bytes), load Xx[i]]j]
sl | $t2, $t2,3# i,j byte addr.
addu $t2, $a0, $t2# @x[i][]j]
| . d $f4, 0($t2) # $f4 = x[i1][j] us



MIPS code 2nd piece: z[ ][], VvI[]I[]

e Like before, but load Z[K][j] into $f16

L3: sl $t0, $t5, 5 # $t0 = k * 2°
addu $t0, $tO, $t4 # $t0 = k*25 +
sl | $t0, $tO, 3 # byt e addr.
addu $t0, $a2, $tO # @z[k][j]
| . d $f 16, 0($t0) # $Ff16 = z[K][]]

e Like before, but load y[i][K] into $f18
sl | $t0, $t3, 5 # $t0 =i * 2°
addu $t0, $t0, $t5 # $t0 = i *2% +k
sl | $t0, $tO, 3 # i,k byte addr.
addu $t0, $al, $tO # @y[l][k]
| . d $f 18, 0 ($tO) # $Ff18 = y[i][K]

eSummary: $f4: x[i][j], $f16: z[Kk][j], $f18: y[i][K]
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MIPS code for last piece: add/mul, loops

e Add y*ztox
mul . d $f 16, $f 18, $f 16 # y[1[1*z[]1][]
add.d $f4, $f4, $f16 # x[]1[]+ y*z
e Increment k; if end of inner loop, store x
addiu $t5, $t5,1 # k =k +1
bne $t5, $t1,L3 # if(k!=32) goto L3
s.d $t4, 0($t2) # x[i][j] = $f4
e Increment |; middle loop if not end of |
addiu $t4, $t4,1 #j =) +1
bne $t4, $t1,L2 # if(j!=32) goto L2
e Increment i; if end of outer loop, return
addiu $t3,%$t3,1 #i =i +1
bne $t3,6t1,L2 # if(i!=32) goto L1

jr $ra
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Floating Point Gottchas: Add Associativity?

ox=-15x10%8y=15x10%andz=1.0
ox+(y+2z) =-15x10%8+ (1.5x10%8+ 1.0)

=-1.5x10%8 + (1.5x10%%) = 0.0
o(x+y)+z =(-15x10°8+ 1.5x10%) + 1.0
° =(0.00+1.0=1.0

e Therefore, Floating Point addition not associative!
1.5 x 10*® isso much larger than 1.0 that 1.5x 10¥ + 1.01is
still 1.5 x 1038
FP result approximation of real result!

e\\What are the conditions that make smaller arguments “disappear”
(rounded down to 0.0)?

119



Floating Point Fallacy

e FP add, subtract associative?

FALSE!

- X=-15x10%8,y=15x10%,z=1.0

- X+(y+2 = -1.5x10%8 + (1.5x10%8 + 1.0)
= —1.5x10%8 + (1.5x10%8) = 0.0

~ (X+y)+z = (-1.5x10% + 1.5x10%8) + 1.0
=(0.0)+1.0=1.0

e Therefore, Floating Point add, subtract are not associative!
— Why? FP result approximates real result!

— Thisexample: 1.5 x 10°8 is so much larger than 1.0 that 1.5 x
10% + 1.0 in floating point representation is still 1.5 x 1038
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Summary

e MIPS arithmetic: successive refinement to see final design
— 32-bit adder and logic unit
— 32-bit multiplier and divisor, with HI and LO
— Booth’s algorithm to handle signed multiplies

e Floating point numbers approximate values that we want
to use
— |EEE 754 Floating Point Standard is most widely accepted to
standardize their interpretation

— New MIPS registers ($f 0-$f 31) and instructions:

e Single-precision (32 bits, 2x1038... 2x10%%): add. s, sub.s, nul.s,
div.s

e Double-precision (64 bits, 2x10308 . 2x103%): add. d, sub. d,
mul .d, div.d

e Typeisnot associated with data, bits have no meaning
unless given in context
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